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1( $GCD$)
$f(x),g(x)\in \mathbb{R}[x]$ $d(x)\in \mathbb{R}[x]$ $\epsilon>0$ $f(x),g(x)$ $GCD$
$d(x)$
$f(x)+\Delta_{f}(x)=f_{1}(x)d(x), g(x)+\Delta_{g}(x)=g_{1}(x)d(x)$.
$\Delta_{f}(x),$ $\Delta_{g}(x),$ $fi(x),g_{1}(x)\in R[x]$
$\deg(\Delta_{f})\leq\deg(f),\deg(\Delta_{g})\leq\deg(g), ||\Delta_{f}(x)||_{2}<\epsilon||f(x)||_{2}, ||\Delta_{9}(x)||_{2}<\epsilon||g(x)\Vert_{2}$
($fi(x),$ $g_{1}(x)$ $f(x),$ $g(x)$ ). $\triangleleft$
2
2.1 QRGCD





$f(x)$ $g(x)$ 2- $($ $||f(x)||_{2}=||g(x)||_{2}=1)$.
$f(\cdot x)$ $g(x)$ Sylvester
2(Sylvester )
$Syl(f,g)=[f_{m}g_{n} f_{m-i}g_{n-1}f_{m}g_{n} f_{m-1}g_{n-1} f_{m}g_{n}g_{1}f_{1}.\cdot\cdot f_{m,.-1}g_{n-1}g_{0}f_{0}. \ldots g_{1}f_{1}. g_{0}f_{0}]$ . (2)
$\triangleleft$
$||\cdot||_{2}$ } $||\cdot||_{F}$
Sylvester $QR$ $f(x)$ $g(x)$ $GCD$
3
(2) $QR$ $Syl(f,g)=QR$ $Q\in \mathbb{R}^{(m+n)x(m+n)}$ $R\in \mathbb{R}^{(m+n)x(m+n)}$





$\Delta S=\hat{Q}\hat{R}-S$ $\Delta R=\hat{R}-R$
$GCD$
4(Theorem 2, [2])
$\omega$ $f(x)+\Delta_{f}(x),g(x)+\Delta_{g}(x)$ ( $\mathbb{C}$ ) $($ $|\omega|<1)$ .
$R$ $\vec{0}$ ( $\vec{0}$ ) $\omega$ $f(x)$ $g(x)$ $GCD$
$\triangleleft$
5 (Theorem 3, [2])
$f(x)$ $g(x)$ Sylvester $QR$ $f(x)$ $g(x)$ ( $\mathbb{C}$ )
$\triangleleft$
$p(x)\in \mathbb{R}[x]$ reversal polynomial rev$(p)\in \mathbb{R}[x]$
rev$(p)=x^{\deg(p)}\cdot p(1/x)$
1 (QRGCD [2])
Input $f(x),g(x)\in \mathbb{R}[x]$ , $\epsilon>0$
Output $u(x),v(x),$ $d(x)\in \mathbb{R}[x]^{1)}(d(x)$ $f(x)$ $g(x)$ $GCD)$
Step 1 $Syl(f,g)=QR$
Step 2 $R$ $(k+1)\cross(k+1)$ $R_{22}^{(k)}$ $\Vert R_{22}^{(k)}\Vert_{2}>\epsilon$ $||R_{22}^{(k-1)}||_{2}<\epsilon$
$R_{22}^{(k)}$ $k$
(Case 1, ): $\Vert R_{22}^{(0)}||_{2}>\epsilon$
(i) $d_{1}(x);=1,$ $u(x),v(x)$ $Q^{T}$
(Case 2, ): $\Vert R_{22}^{(k-1)}||_{2}<10\epsilon\Vert R_{22}^{(k)}\Vert_{2}$
(i) $d_{1}(x)$ $:=R$ $k$
(Case 3, ): $\exists k_{1},$ $||R_{22}^{(k_{1}-1)}\Vert_{2}<10\epsilon\Vert R_{22}^{(k_{1})}\Vert_{2}$
(i) $d_{1}(x)$ $:=R$ $k_{1}$
(Case 4, Difficult case):
(i) $f(x),g(x)$ “Split” $d_{1}(x)$ $f(x),g(x)$
Step 3 $f(x)$ $g(x)$ $d_{1}(x)$ reversal polynomial Step $1-2$
$d_{2}(x)$
Step 4 $f(x)$ $g(x)$ $d(x)=d_{1}(x)d_{2}(x)$ Step 1-2 B\’ezout
$u(x),v(x)$
Step5 $u(x),$ $v(x),$ $d(x)$
1 $)$ $u(x),$ $v(x),$ $d(x)$ $||f(x)-fi(x)d(X)||<\epsilon,$ $\Vert g(x)-g_{1}(x)d(x\rangle||<\epsilon, ||u(x)f(x)+v(x)g(x)-d(x)|\uparrow<\epsilon$
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. $GCD$ $d_{1}(x)$ $Syl(f,g)$ $QR$ (normal side ).. $GCD$ (x) reversal polynomial $Syl(rev(f/d_{1}),rev(g/d_{1}))$
$QR$ (rever side ).. $f(x)$ $g(x)$ $GCD$ $d(x)=d_{1}(x)\cdot d_{Q}(x)$
1 (Split” )
‘sp ”





$\Delta_{S}=Syl(\Delta_{f}, \Delta_{9}))$, $QR$ $S=QR,$ $S+\Delta_{S}=\hat{Q}\hat{R}$ $N,\hat{N}$ $S,$ $S+\Delta_{S}$
$d(x)$ $k$ $f(x)$ $g(x)$
$GCD$ ( $f(x)+\Delta_{f}(x),g+\Delta_{g}(x)$ exact $GCD$)
$SN=(S+\Delta_{S})\hat{N}=\vec{0},$
$(S+\Delta_{S})\hat{N}=(QR+\Delta_{S})\hat{N}\Rightarrow-R\hat{N}=Q^{T}\Delta_{S}\hat{N}$ (3)
4 ([2]) $r(x)$ $R$ $\vec{r}$ $\omega$ $|\omega|<1$ $d(x)$
$N_{k}\subset$ $|r(\omega)|\leq\Vert\Delta S||_{2}||N_{k}||_{2}$ $d(x)$ (2-
) $V)r(x)$ $r(x)$ $\omega$
$d(x)$ $r(x)$ (
$10^{-16}(x-0.5)(x-0.8)$ $10^{-16}(x+0.5)(x+0.8))$.
5 ([2]) $\vec{\omega}_{2}=(\omega^{k}, \cdots,\omega^{1},\omega^{0})^{T}\in N_{k}$ (3) $(S+\Delta_{S})\tilde{\omega}_{l}=\hat{Q}_{1} _{}*=\vec{0}$















$p(x)= \sum_{i=0}^{k}p_{i}x^{i},$ $p_{i}\in \mathbb{C}$ $\mathcal{P}_{\epsilon}(p)$
$\mathcal{P}_{e}(p)=\{\tilde{p}(x)\in \mathbb{C}[x]|||\tilde{p}-\vec{\tilde{p}}||_{2}\leq\epsilon||p\neg|_{2}, \deg(\tilde{p})\leq\deg(p)\}$
$\vec{p}=$ $(Pk, \ldots,Po)$ , $\vec{\tilde{p}}=(\tilde{p}_{k}, \ldots,\tilde{p}0)$






$r(x)$ $R$ $(k+1)$ $\vec{r}$
$\ovalbox{\tt\small REJECT}_{2}^{\Delta_{\mathcal{S}2}}rx\ll 1$ $r(x)$ $f(x)$ $g(x)$ $GCD$ $\triangleleft$
6 $|r(\omega)|\leq\Vert\Delta_{S}||_{2}\Vert\vec{\omega}_{*}||_{2}=_{rx}^{As}\ovalbox{\tt\small REJECT}_{2}\cdot||r(x)||_{2}\Vert||\vec{\omega}_{*}\Vert_{2}$ $\ovalbox{\tt\small REJECT}_{2}^{2}rx=\epsilon\Delta\ll 1$
$|r(\omega)|\leq\epsilon||r(x)||_{2}||\vec{\omega}_{*}\Vert$ 7 $d(x)$ $f(x)+\Delta_{f}(x),g(x)+\Delta_{g}(x)$ exact
$GCD$ $\Vert\tilde{r}-d]|_{2}\leq\epsilon||r\urcorner|_{2}$ $r(x)$ $f(x)$ $g(x)$ $GCD$ $I$
9
Sylvester $QR$ $R$ $r(x)$ $R$ $\vec{r}$
$r(x)$
Sylvester’s single sum [3]
$r(x)$ $PRS$
6
1 (artificial common inside roots)
$f(x)$ $g(x)$ Sylvester $QR$
$f_{-}(x)=(x+0.01)(x-0.01)(x+100)(x-100)$
$g(x)=(x+0.010000001)(x-0.09)(x+100.00001)(x-200)$
$\epsilon=10^{-12}$ $f(x)$ $g(x)$ $GCDd(x)$
$d(x)=9.99998\cross 10^{-4}x^{2}+0.999999x+9.9999S\cross 10^{-4}$
$\approx 9.99998\cross 10^{-4}(x+0$ .00100000$)(x+1000.00)$
2$)$ [5] 3/
105
$R$ 2 3 4
4 : 0.$00143003x^{3}+1.39855x^{2}-0.00559397x-6.99252\cross 10^{-6}$
$\approx o.\omega 1430oe(x-0.00499981)(x+$ 0.001$)(x+977.993)$ ,
3 : 0.$20978x^{2}-0.0W839074x-1.04885x10^{-6}$
$\approx 0.20978(x-0.00499978)(x+$ 0.001 $)$ ,
2 : $o.\alpha\}565685x+5.65685x10^{-6}$
$\approx 0$.00565685$(x+$ 0.001 $)$ .
3 $d(x)$ $f(x)$ $g(x)$




normal side reveoed side
$\triangleleft$
3SNAP
QRGCD Maple SNAP SNAP (
2), $A$













2 (QRGCD in the SNAP package)
Input $f(x),g(x)\in \mathbb{R}[x]$ , $\epsilon>0$
Output $u(x),v(x),d(x)\in \mathbb{R}[x]$ sucb that $\Vert f(x)-f_{1}(x)d(x)\Vert_{2}+||g(x)-g_{1}(x)d(x)||_{2}<10\epsilon$, or
failure”
Step 1 $\epsilon/100$ ’“find non-zero term” $f(x),g(x)$
Step 2 $Syl(f,g)=QR$
Step 3 $R$ $(k+1)\cross(k+1)$ $R_{22}^{(k)}$ $\Vert R_{22}^{(k)}$ Is $>\epsilon$ $\Vert R_{22}^{(k-1)}\Vert s<\epsilon$
$\hslash_{2}^{k)}$ $k$
(Case 1, ): $||R_{22}^{(0)}||s>\epsilon$
(i) $d_{1}(x):=1,$ $u(x),v(x)$ $Q^{T}$
(Case 2, 7 ): $\Vert R_{22}^{(k-1)}\Vert s<10\epsilon||R_{22}^{(k)}\Vert s$
(i) $d_{1}(x)$ $:=R$ $k$
(Case 3, ): $\exists k_{1},$ $||R_{22}^{(k_{1}-1)}||s<10\epsilon||R_{22}^{(k_{1})}\Vert s$
(i) $d_{1}(x)$ $;=R$ $k_{1}$
(Case 4, Difflcult case):
(i) $R$ a $5\alpha$)$0\epsilon$
$p_{1}(x),p_{2}(x),$ $(\deg(p_{1})>\deg(p_{2}))$
(ii) “Split” $p_{1}(x)$ $p_{1_{n}}:(x)$
(iii) $p_{1_{in}}(x)$ (x) Step 2-3 $d_{1}(x)$
Step 4 $d_{1}(x)=1$ rev$(f),rev(g)$ reversal $polyn\infty$
mial
Step 5 $f(x),g(x)$ $d_{1}(x)$ reversal polynomial Step 2-3
$d_{2}(x)$
Step 6 $f(x),g(x)$ d(x) $=$ dl(x) $\phi$ $(x)$ Step2-3 $u(x),v(x)$
Step7 $u(x),v(x),d(x)$
Split” “Split” SNAP




SNAP normal side $GCD$
reversal side
SNAP “find non-zero terms”




$|f_{m}|, |f_{m-1}|, \ldots, |f_{m’+1}|<\epsilon/100, |f_{m’}|\geq\epsilon/100,$
$|f_{m}|\geq\epsilon/100,$ $|$ n-ll? $\cdots$ , $|fo|<\epsilon/100$
“find non-zero terms” $f(x)= \sum_{=0}^{\dot{m}’m^{n}}f_{m^{n}+i^{X^{i}}}$
QRGCD Bini, Boito
[1] QRGCD $i\mathbb{I}$-conditioned
“find non-zero terms” SNAP QRGCD
$ill-\infty$nditiond
2( )




$\alpha\in[10^{-10},10^{-5}]$ $f(x),g(x)$ Maple 16
$\epsilon=10^{-6}$ (D\’igits $:\Rightarrow 16$). 1 $E_{K}QRGCD$” , “SNAP” “SNAP $(w/0$
1: :
F.n.t)” QRGCD SNAP ‘ffind non-zero terms”
SNAP ‘i $d$ non-zero tems” $GCD$




ExQRGCD ( 3) SNAP
: $\epsilon$ ExQRGCD
2- artificial common
inside roots ExQRGCD $GCD$
normal side reversal side
SNAP Case l, 2
108
3 (ExQRGCD)
Input $f(x),g(x)\in \mathbb{R}[x]$ , $\epsilon>0$
Output $u(x),v(x),d(x)\in \mathbb{R}[x]$ such $that||f(x)-fi(x)d(x)\Vert_{2}<\epsilon,$ $\Vert g(x)-g_{1}(x)d(x)\Vert_{2}<\epsilon$
Step 1 frst $ide$ (norm 1 revers 1) $i:=1,$
Hrst side $noma1\Rightarrow f_{1}(x)$ $:=f(x),g_{1}(x)$ $:=g(x)$ ,
first side $revelsal\Rightarrow f_{1}(x)$ $:=rev(f),g_{1}(x)$ $:=rev(g)$
Step 2 $Syl(f,g)=QR$
Step 3 $R$ $(k+1)\cross(k+1)$ $R_{22}^{(k)}$ $\vec{r}_{k}$ $R$ $(k+1)$
(Case 1, ): $||R_{22}^{(0)}||_{F}>\epsilon\sqrt{m+n}$
($i$) $d_{i}(x):=1.$
(Case 2, ): $||R_{22}^{(0)}||_{F}\leq\epsilon\sqrt{m+n}$
(i) $||R_{22}^{(k-1)}||_{F}\leq\epsilon\sqrt{m+n}$ $k\geq 1$ $er_{k}:=\Vert R_{22}^{(k-1)}\Vert_{F}/\Vert\vec{r}_{k}\Vert_{2}$
(ii) $er_{k}\ovalbox{\tt\small REJECT}$
$d_{i}(x);=r_{k}(x)$ $d(x);= \prod d_{T}(x)$ $\exists f_{i}(x),g_{1}(x)$ such that
$||f(x)-fi(x)d(x)\Vert_{2}<\epsilon$ $\Vert g(x)-g_{1}(x)d(x)\Vert_{2}$ Step 4 (
(v) $fi(x),g_{1}(x)$
$d_{i}(x):=1$ Step 4 ).




(v) $p_{1_{\ln}}(x),p_{2_{In}}(x)$ Step 2-3 $d_{i}(x)$
Step 4 $i:=i+1$ normal $rightarrow reversd$ $d(x):= \prod d_{i}(x)$
$fi(x),g_{1}(x)$ (reversal side reversal polynomial ) Step 2-
3 $i$ $d_{i}(x)=d_{i+1}(x)=1$ $d_{i+1}(x)$
Step 5 $fi(x),g_{1}(x),d(x)$
4.1 Case 1 :
QRGCD ExQRGCD $f(x),g(x)$ Sylvester $S=Syl(f,g)$ $QR$
$R$
$S+\Delta_{S}=\hat{Q}\hat{R}$ $f(x)+\Delta_{f}(x),g(x)+\Delta_{9}(x)$
exact $GCD$ $d(x)$ QRGCD ExQRGCD $S=QR$ $R$ $r(x)$
$d(x)$ $d(x)$ $R$
$S=QR$ $R$ $k$ $r(x)$ exact $GCD$ $f(x)+\delta_{f}(x)$ ,
$9(x)+\delta_{g}(x)$ Sylvester $QR$ $S+\delta_{S}=\tilde{Q}\tilde{R}$ Sylvester $QR$
$S+.U, ||U||_{F}=||R_{22}^{(k-1)}||_{F}\Rightarrow rank(S+U)=m+n-k$
109




4.2 Case 2 :
$QR$
ExQRGCD $erk:=\Vert R_{22}^{(k-1)}\Vert_{F}/||\vec{r}_{k}\Vert_{2}$ $r(x)$




“Split” $p_{1}(x),p_{2}(x)$ $f(x),g(x)$ $PRS,$ $r(x)$ $GCD$
$f(x)+\delta_{f}(x)=f_{1}(x)r(x),g(x)+\delta_{g}(x)=g_{1}(x)r(x)$,
$u_{1}(x)f(x)+v_{1}(x)g(x)=p_{1}(x), u_{2}(x)f(x)+v_{2}g(x)=p_{2}(x)$




$r(x)$ $(\Vert\delta_{f}(x)||_{2}+||\delta_{9}(x)||_{2})/\dot{m}n\{||p_{1}(x)||_{2}, ||p_{2}(x)||_{2}\}$ $p_{1}(x),p_{2}(x)$
$GCD$ ”Split” $p_{1}(x)$ , (x) $2-\nearrow$












$f_{i,j,g_{1,j},d_{j}}\in[-99,99]\subset \mathbb{Z}$ $f(x),g(x)$ 2- $(||f(x)||_{2}=$
$||g(x)||_{2}=1)$ Digits:$=10$ $\epsilon=10^{-5}$
(Digits $:=16$).
1 ExQRGCD SNAP QRGCD
SNAP QRGCD 2 “failure” $\epsilon$
(ExQRGCD ).
ExQRGCD QRGCD SNAP 1.59 2.08 “ lure”
SNAP
2. ( )




$\Delta_{f_{j}},$ $\Delta_{g_{j}}\in-.[-99,99]\subset \mathbb{Z}$ $fi(x),g_{1}(x),d(x)$ 1.
Digits:$=10$ $\epsilon=10^{-5}$ (Digits $:=16$).
1 2 ExQRGCD SNAP QRGCD
EXQRGCD QRGCD SNAP 1.99 2.26 “failure”
SNAP
$2356910 35678910 3456789 10$Case Case Cw
1: : (failure” $0$ )
Random Polynornlals without Perturbation Random PolynomiaJs with Perturbation Artificlrl Common Hoots
CR Case $C\varpi$
2: $($ $(\Vert\Delta_{f}||_{2}+\Vert\Delta_{9}||_{2})/2)$ : (failure” )
111
2: SNAP, QRGCD “failure” :
3. (artificial common roots )




$\omega.,j=O(10^{-2}),\hat{\omega}.,j=0(10^{2})$ $f(x),g(x)$ $(\Vert f(x)\Vert_{2}=$
$||g(x)||_{2}=1)$ Digits:$=10$ $\epsilon=10^{-6}$
(Digits:$=16$).
1 2 $E$ QRGCD SNAP QRGCD
ExQRGCD QRGCD SNAP 39.8 52.6 (SNAP





“find non-zero tems” QRGCD -$\omega$nditioned
SNAP QRGCD
112
(ExQRGCD) arti cial common roots
ExQRGCD SNAP QRGCD artificial
common roots SNAP (failure” ExQRGCD
$GCD$ Modern
(Faetgcd, UVGCD, GPGCD )
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